We show that entanglement between two solitary qubits in quasi one-dimensional Bose-Einstein condensates can be spontaneously generated due to quantum fluctuations. Recently, we have shown that dark solitons are an appealing platform for qubits due to their appreciably long lifetime. We explore the creation of entanglement between dark soliton qubits by using the superposition of two maximally entangled states in the dissipative process of spontaneous emission. By driving the qubits with the help of Raman lasers, we observe the formation of long distance steady-state concurrence. Our results suggest that dark-soliton qubits are a good candidates for quantum information protocols based purely on matter-wave phononics. Introduction: Entangled states of collective quantum systems are of paramount interest in quantum mechanics and an essential ingredient in most applications of quantum information. After the exploitation of entanglement in optical and atomic setups, entanglement generation finds renewed interest in condensed matter systems. Short-distance entanglement has been envisaged for spin or charge degrees of freedom in molecules, nanotubes or quantum dots [1] [2] [3] [4] ; owing to the long-range nature of the dipolar (∼ 1/r 3 ) interaction, Rydberg atoms are attractive platforms for large-distance entanglement generation [5] [6] [7] [8] [9] . In fact, considerably large separation between atoms is required to transport information at long distances in such systems. To achieve this purpose, a virtual boson mediating the correlation between two qubits is required. Photons are the usual candidate for this task, either for superconducting qubits coupling in the microwave range [10] or for quantum dots in the visible range [11] [12] [13] . Recently, plasmons have also been proposed to mediate qubit-qubit entanglement in plasmonic waveguides [14] .
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Due to their intrinsically long coherence times, ultracold gases are natural platforms for quantum information processing, quantum metrology [15] , quantum simulation [16] , and quantum computing. In that regard, BoseEinstein condensates (BECs) have attracted a great deal of interest during the last decades [17] [18] [19] . The macroscopic character of the wavefunction allows BEC to display pure-state entanglement, like in the single-particle case, since all particles occupy the same quantum state. The entanglement between two cavity modes mediated by a BEC has been investigated by Ng et. al. [20] ; two component BECs were realized on atom chips with full control of the Bloch sphere and spin squeezing [21, 22] .
Another important feature of the macroscopic nature of BECs is the dark-soliton (DS), a structure resulting from the detailed balance between the dispersive and nonlinear effects, appearing also in other physical systems [23] [24] [25] . The dynamics and stability of DSs in BECs have been a subject of intense research over the last decades [26, 27] . The dynamical evolution of DS entanglement and how its stability is affected by quantum fluctuations has been studied in Ref. [28] . The study of collective aspects of soliton gases [29] bring DSs towards applications in many-body physics [30] . In a recent publication, we have shown that DSs can behave as qubits in quasi-1D BECs [31] , being excellent candidates to store information given their appreciably long lifetimes (∼ 0.01 − 1s). Dark-soliton qubits thus offer an appealing alternative to quantum optics in solid-state platforms, where information processing involves only phononic degrees of freedom: the quantum excitations on top of the BEC state.
In this Letter, we report on the spontaneous generation of large-distance entanglement between two DS-qubits placed inside a quasi one-dimensional (1D) BEC. The entanglement is generated by a combination of the external driving (with the help of Raman lasers [32, 33] ) and the quantum fluctuations (phonons) leading to spontaneous and collective emission. We compute the steady-state concurrence for sufficiently large distances, d 5ξ/2, with ξ denoting the healing lenght, i.e. the size of the soliton core, as depicted in Fig. 1 .
Theoretical Model. We consider two DS placed at distance d in a quasi 1D BEC. The qubits are formed with the help of an extremely dilute gas sorrounding the condensate, whose particles are traped inside the potential created by the DSs, as illustratend in Fig. 1 ). At the mean-field level, the system is governed by the GrossPitaevskii and the Schrödinger equations, respectively describing the BEC and the impurities
Here, χ is the BEC-impurity coupling constant [34] , g is the BEC particle-particle interaction strength, and m 1 and m 2 denote the BEC particle and impurity masses, respectively. The ith (i = 1, 2) soliton profile is ψ [35, 36] , where x i = ±d/2 is the position of the respective soliton, n 0 is the BEC linear density, ξ = / √ m 1 n 0 g is the healing length (of the order 0.2 − 0.7 µm in elongated 87 Rb BECs). The experimentally accesible trap frequencies amount to be ω z /2π = (15 − 730) Hz ω r /2π = (1 − 5) kHz and the corresponding length considered to be l z = (0.6−3.9) µm [37] . More recent experiments make eventual trap inhomogeneities to be much less critical by creating much larger traps, l z ∼ 100 µm [38] . Homogeneous condensates along a trap of size l z ∼ 70 µm, largely outdoing the soliton core ξ -and therefore manifesting finitesize effects less important -are experimentally possible in box-shaped potentials [39] . This offers additional advantages regarding the scalability (i.e. in a multiple-soliton quantum computer), as uncontrolled phonon mediated soliton-soliton interaction appears when inhomogeneities exist [40] .
Quantum fluctuations. The total condensate quantum field includes the DS wave functions and quantum fluctu-
and are explicitly given in [41] . The total Hamiltonian then reads
is the qubit Hamiltonian, ω 0 = (2ν − 1)/(2mξ 2 ) is the qubit gap energy, and ν = −1+ 1 + 4χ/g is a parameter controlling the number of bound states created by each DS, which operate as qubits (two-level systems) in the range 0.33 < ν < 0.80 [31] . The term H p = k k b † k b k represents the phonon (reservoir) Hamiltonian, where
is the Bogoliubov spectrum with chemical potential µ = gn 0 . The interaction Hamiltonian is given by
where
describes the impurity wave function in the presence of DS potential spannable in terms of bosonic operators a l , and
are the Wannier functions. Using the rotating wave approximation (RWA), the first order perturbed Hamiltonian can be written as
Here, σ + = σ † − = a † 1 a 0 and we use the shorthand notation
The counter-rotating terms proportional to b k σ
+ that do not conserve the total number of excitations are dropped by invoking the RWA. Such an approximation is well justified provided that the emission rate γ is much smaller than the qubits transition frequency ω 0 , as shown in Ref. [31] .
Measurement of entanglement. We derive the master equation describing the dynamics of the DS-qubits density matrix ρ q . After tracing over the phonon's degrees of freedom [42, 43] , we obtain
where L is the size of the condensate. For i = j, Γ ii = γ represents the spontaneous emission rate of the ith DSqubit; for i = j, Γ ij = Γ is the collective damping resulting from the mutual exchange of phonons. The term η 12 = η 21 ≡ η represents the phonon-induced coupling between the qubits. Both Γ and η display a nontrivial dependence on the distance d between the DSs, as depicted in Fig. (2) . Contrary to what happens for the case of qubits displaced in 1D electromagnetic reservoirs, both parameters vanish for large separations, d ξ, rather than displaying a periodic dependence on d [44] . This is a consequence of the local-density approximation (LDA) performed in the computation of the functions u k and v k , reflecting the finiteness of the soliton perturbation.
The most adequate basis to solve Eq. (3) is spanned by the collective Dicke states [45] , as shown in Fig. (1  b) . Depicted are the ground state |g = |g 1 , g 2 , the excited state |e = |e 1 , e 2 , and two intermediate, maximally entangled (symmetric |s = (|e 1 , g 2 + |g 1 , e 2 ) / √ 2 and antisymmetric |a = (|e 1 , g 2 − |g 1 , e 2 ) / √ 2) states. Depending on the value of Γ, one of the intermediate states can be decoupled from the rest of the states. In this basis, the density matrix elements are given by ρ ee (t) = e −2γt ρ ee (0) ρ ss (t) = e −(γ+Γ)t ρ ss (0)
with the condition ρ gg = 1−ρ ee −ρ ss −ρ aa . It can be seen from Eq. (5) that the symmetric state |s is populated, by spontaneous emission, from the state |e at the superradiant rate γ + Γ, while the anti-symmetric state |a at the subradiant rate γ − Γ. The quantification of the entanglement is performed by using Wootter's concurrence formula [46] , C(t) = max{0,
√ ϑ n }, where ϑ i 's denotes the eigenvalues in the decreasing order of the Hermition matrix ζ = ρρ. Here,ρ = (σ y ⊗σ y )ρ * (σ y ⊗σ y ) describes the spin flip density matrix with ρ * and σ y being the complex conjugate of ρ and the Pauli matrix, respectively. In the following, we investigate the effect of both Γ and η in the evolution of C(t) for two different situations: (i) the system is prepared in the state (|s + |a ) / √ 2, from which it decays spontaneously, and (ii) the DS-qubits are continuously pumped by an external Raman laser. In the first case, analytical solutions to Eq. (5) provide
Fig . (3) shows C(t) for the initialization of the system in the superposition of maximally entangled states. The concurrence firstly displays a fast increase, being then followed by a very slow decay. The time evolution of the initial state that is given by equal populations in the states |s and |a , i.e. ρ ss (0) = ρ aa (0) = 1/2, can be seen in panel b) of Fig. (3) . It is shown that the decay rate of the state |s becomes sub-radiant (slow decay) while the state |a decays at the superradiant rate (fast decay) at a sufficiently large distance, d 5ξ/2 ∼ 2−5 µm for a typical BEC [39] . The concurrence exhibits an appreciably long lifetime (∼ 80 ms) due to the asymmetry between the two cascades, eventually reaching the value of the population of the symmetric state |s , C(t) ρ ss (t). The major limitation to the concurrence performance discussed above could be the quantum diffusion or quantum evaporation of the dark solitons [47] , a feature that has been theoretically described but not yet experimentally verified. Taking into account the latter, a maximum reduction of 20% of the total concurrence lifetime is estimated [31] . In any case, quantum evaporation is expected if important trap anisotropies are present, a limitation that we can overcome with the help of box-like or ring potentials.
It is worth comparing the entanglement generation protocol presented here with other schemes proposed in the literature, such as plasmons mediated entanglement in plasmonic waveguides (PW) [14, 48] and phonon mediated quantum correlation in nanomechanical resonator [49] . In the case of 1D PW, a concurrence with a lifetime of ∼ 8 ns is obtained at a distance of the order of plasmonic wavelength, ∼ 600 nm [14] . But for transient entanglement mediated by 3D PW, the concurrence lives for a short time (∼ 4 ns) [48] . In the present investigation, the concurrence exhibits a substantially large lifetime (∼ 80 ms) at much larger distances (∼ 2 − 5 µm). Moreover, the investigation of exciton-phonon coupling in hybrid systems (e.g. consisting of a semiconductor quantum dots embedded in a nanomechanical resonator) indicates that the stationary concurrence strongly depends on the resonator temperature [49] . Fortunately, in our case, thermal effects are negligible (considering BECs operating well below the critical temperature) and therefore the excitations providing the interaction between the DS-qubits (phonons) are purely quantum mechanical in nature. Here, the concurrence is generated as a result of a considerable large value of the collective damping rate Γ, as it becomes evident in Fig. (2) .
Driven concurrence. We now consider the steady-state entanglement generation by driving the DS qubits continuously. The system is prepared, initially, in the ground state |g to apply a resonant Raman laser (ω 0 = ω L ) of Rabi frequency Ω i , to drive the ith qubit idenpendently. The inclusion of the driving term modifies the qubit Hamiltonian H q as
We solve the master Eq. (3) including the driven Hamiltonian, to obtain the concurrence C(t) (see fig. 4 ). We observe a finite steady state concurrence at the long distance d 5ξ/2. By solvingρ q (t) = 0, we obtain the steady-state concurrence
where U = Γ + 2iη. A large spot laser prepared the system in symmetric state to excite the DS qubits, equally (i.e., Ω 1 = Ω 2 ), therefore C(∞) obtained its maximum value at distance d 5ξ/2, shown in Fig. (5) . The robustness of DS qubit proposal is to achieve long distance steady state concurrence in comparison to Refs. [14, 48, 49] .
Pachos and Knight [50] proposed two qubit operations, including a Toffoli gate, by combining both tunneling and adiabatic passage of condensate atoms in a 1D optical lattice. The phonon-mediated quantum logic gates in trapped ions has been investigated by Bermudez [51] where they propose that a strong driving of the qubit decouples it from external noise and enhancing the fidelity of two-qubit quantum gate. This mechanism can be extended to a variety of other systems where a strong driving protects the quantum coherence of the qubits without compromising the two-qubit couplings. Thus, the present scheme will provide a great tool to study quantum gates [52] .
In conclusion, large-distance entanglement is made possible via the Raman driving two dark-soliton qubits, a recently proposed platform for quantum information processing based purely on matter waves. In this study, the qubits consists of two-level systems formed by impurities trapped at the interior of dark solitons, the stable nonlinear depressions produced in quasi one-dimensional Bose-Einstein condensates. The entanglement is mediated by the quantum fluctuations (Bogoliubov excitations, or phonons). Thanks to the large lifetimes of these solitary qubits (being of the order of 0.01 s up to 1.0s), an appreciable amount entanglement can be produced at large distances in the range of 2 − 5 µm . Our conclusion is that dark-soliton qubits are excellent candidates for quantum applications in quantum technologies
